A scalar model of gravity is considered. We propose Lorentz invariant field equation f = kη ab f ,a f ,b . The aim of this model is to get, approximately, Newton's law of gravity. It is shown that f = − 1 k ln(1 − k m r ) is the unique spherical symmetric static solution of the field equation. f is taken to be the field of a particle at the origin, having the mass m. The field of a particle moving with a constant velocity is taken to be the appropriate Lorentz transformation of f . The field F of N particles moving on trajectories ψ j (t) is taken to be, to first order, the superposition of the fields of the particles, where the instantaneous Lorentz transformation of the fields pertaining to the j-th particle isψ j (t). When this field is inserted to the field equation the outcome is singular at (ψ j (t), t). The singular terms of the l.h.s. and of the r.h.s. are both O(R −2 ). The only way to reduce the singularity in the field equation is by postulating Newton's law of force. It is hoped that this model will be generalized to system of equations that are covariant under general diffeomorphism.
Introduction
Classical field theory postulates the world to be a 4D-differential manifold M. The evolution in M is represented by field equations. The most fundamental are: the scalar wave equation, Maxwell and Einstein field equations. To these one may add Newton equation for the gravitational potential. It is not an evolution equation, but a field equation for a section t = const. For the field equations above particles are postulated to be the singularities of The unique spherical symmetric and asymptotically zero solution of this equation is
where R = (r − r 0 ) 2 , m and r 0 are arbitrary constants of the integration. This solution is singular, so it represents a field of a pointwise particle located in the point r = r 0 . The parameter m, taken to be positive, represents the mass of the particle. Laplace equation is not Lorentz-invariant. Thus it should be generalized to the wave field equation
The time independent spherical symmetric asymptotically zero solution of this equation is again
where 5) provided that (2.5 is a Lorentz transformation (α and β are functions of v).
We reaffirm this fact in order to establish the notation. This solution describes free motion of a particle. Indeed, the singularity point satisfies
Substituting this relation in (2.6) we obtain the equation motion of the singularity as
(2.9)
In order to describe by (2.9) a constant velocity motion we have to take
The functions α, β are still arbitrary. However the field equation (2.3 has to be satisfied. Calculate the derivatives
and consequently
(2.14)
As for the spatial part of the d'Alembertian
15)
Thus the Laplacian
Using the relation
we obtain
Hence the Laplacian takes the form
Since f = 0, equations (2.14) and (2.21) imply that
By (2.14) the Lorentz parameters α and β are
The result is rather obvious. Indeed, beginning with the static 1-particle solution (2.2) of the wave equation (2.3) and making a Lorentz transformation of coordinates (with opposite velocity) we obtain a solution which describes the inertial motion of the particle. Consider now the function
where
with ψ = ψ(t) and α and β are functions of |ψ| 2 :
Ifψ = vt then (2.5) coincides with (2.5).
Calculate the d'Alembertian of the function f .
and
In the first approximation (for the motion of the particle, which is slow with respect to the speed of the light) we can take
Consequently,
In general, the derivatives of α and β contribute terms that are quadratic inψ and its derivatives and can be neglected. Thus the second derivative to the same accuracy is
As for the spatial derivatives
we get
Thus the Laplacian is
And, for the d'Alembertian
Using the expressions for the functions α, β we obtain
Thus in the case of a linear field equation f = 0 the motion of a one singularity point is inertial i.e.ψ = 0. The reasoning above can be extended to arbitrary number of singularities. Indeed, the equation (2.3) is linear so it has a solution
The calculation above yields, approximately
Also here, for the field equation is f = 0 f is a solution provides thatψ i = 0. Thus, the linear equation describes the free inertial motion of an arbitrary system of singularities.
Non-linear equations
In order to describe the interaction between singularities we need to balance the value (2.48). Let us consider a new non-linear field equation
where k is a dimensionless constant. It is easy to see that this equation is unique Lorentzinvariant equation which is linear in the second derivatives and quadratic in the first derivatives. The first step is to find a static spherical-symmetric solution of (3.1). Write f = f (s) with
Thus the equation takes the form
Inserting f ′ = Z we obtain
Take the new variable
to obtain
And the unique exact solution of (3.1) is
Note that for the limit k → 0 we obtain f → m r
. The solution (3.9) is singular at the point r = 0. The singularity can also be located in an arbitrary point r = r 0 . The next steep is to consider a moving singularity. We seek for a solution of the form
for a moving singularity:
where α and β are functions of |ψ| 2 . From the calculations above
And
As for the spatial derivatives we have R x = e 1 − αψ <ψ, e 1 >, R xx = 0 (3.15)
Substitute the value of R x to get
Thus the second order l.h.s. of the equation is
Using the relation β 2 = α 2 |ψ| 2 − 2α we obtain
As for the quadratic r.h.s.
Thus the field equation (3.1) results in
This meansψ = 0. So the one point singularity moves with constant velocity. Consider now a system of n singular points. In this case the ansatz is
The linear part of the equation is
Calculate the nonlinear part
and writing
Thus the field equation takes the form
For the approximation of slow motions it is
The two sides of this equation are functions of an arbitrary point x. Choose the singularity point i = p and consider the arbitrary point x to be close to this singularity. It follows that
whereR ip is a vector from the point i to the point p.
In the l.h.s. of the equation (3.37) there is one singular term
The singular term in the r.h.s. of (3.37) is
The terms (3.39) and (3.40) are O(R −2 near the singularity. When these are inserted to the r.h.s and l.h.s. of (3.37), respectively, the remainder will be O(R −1 only if:
This way, the strength of the singularity is diminished. Take into account that the point x is still arbitrary. Hence (3.41) can be valid only if The second fraction differs from 1, significantly, only for small distances comparable to the Schwarzschild radius r = km. Thus, we neglect it. It follows that is obtained.
